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Abstrat
The eet of a sinusoidal modulation of the interation strength on a Fermion pair ondensate
is analytially studied. The system is desribed by a generalization of the oupled fermion-boson
model that inorporates a time-dependent intermode oupling indued via a magneti Feshbah
resonane. Nontrivial eets are shown to emerge depending on the relative magnitude of the
modulation period and the relaxation time of the ondensate. Speially, a nonadiabati modu-
lation drives the system out of thermal equilibrium: the external eld indues a variation of the
quasipartile energies, and, in turn, a disequilibrium of the assoiated populations. The subsequent
relaxation proess is studied and an analytial desription of the gap dynamis is obtained. Re-
ent experimental ndings are explained: the delay observed in the response to the applied eld is
understood as a temperature eet linked to the ondensate relaxation time.
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The study of ultraold atomi gases has led to a remarkable series of experimental real-
izations of fundamental eets [1℄. Essential to many of these ahievements has been the
ontrol of the interation strength via a Feshbah resonane (FR), whih has allowed the
emergene of these systems as a pratial testing ground for quantum-statistial and many-
body physis. Speially relevant has been the realization, with a two-omponent Fermi gas
of atoms, of the rossover from a moleular Bose-Einstein ondensate (BEC) to a Bardeen-
Cooper-Shrieer (BCS) superuid of loosely bound atom pairs [2, 3, 4, 5, 6, 7, 8, 9, 10, 11℄.
By applying a magneti FR, the interation is led to hange from repulsive in the BEC phase
to attrative in the BCS side. Whereas two-body physis supports a bound moleular state
in the BEC side, the formation of pairs in the BCS regime ours only due to many-body
eets. Signiant advanes have been made in the understanding of dierent aspets of
this transition. In partiular, the role of thermal utuations has been extensively analyzed
[12℄. Despite those advanes, further work on the haraterization of nonequilibrium aspets
of the rossover is required. Indeed, the extension of the experiments on sattering-length
variations to unexplored time-dependent regimes and the setup of an expanded theoretial
framework where the emergent eets an be understood are urrent hallenges. Here, we
aim at explaining reent experimental results on the nontrivial dynamis resulting from a
sinusoidal modulation of the interation strength [13℄. This will require a preise harater-
ization of the dierent time sales, in partiular, of the relaxation time of the ondensate.
The interest of the study is not restrited to the eld of ultraold atomi gases. In fat,
the expansion of the BCS model proposed in our approah an have broad appliability:
the eet of a disequilibrium population on the gap dynamis, whih is the entral issue in
the analysis, is relevant to topis ranging from nonequilibrium superondutivity [14, 15℄ to
quenh dynamis in superuid
3He [16℄.
As starting point we take the experiments reported in Ref. [13℄. In them, the interation
strength of a gas of ultraold
6Li atoms in the BCS regime was sinusoidally modulated
through a magneti FR. (The (broad) FR at 834 G between the two lowest hyperne states
was used.) The system response, whih onsisted in a damped osillation of the ondensate
fration with the modulation frequeny, was found to be delayed with respet to the applied
eld. The delay showed no appreiable hanges at dierent yles of the external eld;
moreover, it presented the same sale for widely dierent frequenies. Additionally, the
damping time was observed to be muh longer than the driving period. In a preliminary
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analysis, the deferred response was onjetured to be rooted in the nite relaxation time of
the ondensate; furthermore, the deay of the osillation amplitude was linked to heating
resulting from the nonadiabatiity (on the gap time sale) of the proess. (In the present
paper, adiabati will also be applied to a modulation muh slower than the ondensate
relaxation.) To evaluate those onjetures, the measured harateristi times were ompared
with related theoretial preditions. However, that analysis was not onlusive about the
origin of the reorded behavior beause of the limitations of the available models, speially,
of the lak of an appropriate desription of nite-temperature eets. Our objetive is
to provide a theoretial framework where the observed features an be understood, and,
in partiular, the previous onjetures an be assessed. To this end, we onentrate on
onditions whih allow an analytial desription of the dynamis, and, onsequently, a lear
identiation of the dominant mehanisms.
We onsider a gas of ultraold Fermi atoms with two hyperne states oupled to a mole-
ular two-partile state via a magneti FR. Our methodology to deal with magneti-eld
modulations ombines three main elements. First, the standard framework, namely, the ou-
pled fermion-boson model [17, 18, 19, 20℄, is expanded by inorporating a time-dependent
intermode oupling. Seond, a perturbative sheme, valid for a suiently small modu-
lation amplitude, is introdued in the Hartree-Fok-Bogoliubov (HFB) desription. In this
approah, nite-temperature eets are takled and the out-of-equilibrium situation indued
by the modulation is haraterized. Finally, a method for desribing the evolution of the
quasipartile populations, and, subsequently, the gap dynamis is presented. Aordingly,
we start from the unmodulated system: the grand-anonial Hamiltonian reads
H − µN =
∑
k,σ
εka
†
k,σak,σ + Vint
∑
q,k,k′
a†q
2
+k,↑
a†q
2
−k,↓
aq
2
−k′,↓aq
2
+k′,↑ +
∑
q
(
εmq + ~ν0
)
b†qbq + g
∑
q,k
(
bqa
†
q
2
+k,↑
a†q
2
−k,↓
+ h..
)
(1)
where µ is the hemial potential, N is the total number of bare Fermi atoms, a†k,σ (ak,σ)
denotes a fermioni reation (annihilation) operator of an atom with momentum k and spin
σ, (σ ∈ {↑, ↓}), and b†q (bq) is a bosoni operator that reates (destroys) a moleule with
momentum q. The populations orresponding to the two hyperne states are assumed to
be equal. The free dispersion relations for fermions and bosons are εk = ~
2k2/2m − µ
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and εmq = ~
2q2/4m − 2µ, respetively. The binary attrative interation potential between
fermions is haraterized by Vint(<0). Additionally, g represents the FR oupling between
the losed and the open hannel states, ν0 being the detuning of the boson resonane state
from the ollision ontinuum.
Initially, the system is at equilibrium at a nite temperature T . In that situation, a
sinusoidal modulation of the detuning from the FR is applied. Correspondingly, ν0 is replaed
by ν(t) = ν0 + A sinωpt. It is assumed that Vint, whih haraterizes the attrative pairing
interation resulting from nonresonant proesses, is not aeted by the applied detuning of
the FR. Through the unitary transformation U(t) = e
i A
ωp
cos ωpt
P
q
b†qbq
, the Hamiltonian is
transformed into H ′ = U †HU − i~U †U˙ ; onsequently, Eq. (1), [with ν0 replaed by ν(t)℄, is
rewritten as
H ′ − µN =
∑
k,σ
εka
†
k,σak,σ + Vint
∑
q,k,k′
a†q
2
+k,↑
a†q
2
−k,↓
aq
2
−k′,↓aq
2
+k′,↑ +
∑
q
(εmq + ~ν0)b
†
qbq +
(
g
∑
q,k
e
i A
ωp
cosωptbqa
†
q
2
+k,↑
a†q
2
−k,↓
+ h..
)
. (2)
Our proedure to analyze the dynamis starts, like the standard HFB approah [18, 20℄,
with the introdution of three mean elds: n ≡ ∑k 〈a†k,σak,σ〉 for the spin density,
∆ ≡ |Vint|
∑
k 〈a−k,↓ak,↑〉 for the pairing eld, and φm ≡ 〈bq=0〉 for the boson eld. (We
take q = 0 as we fous on the ondensed moleular eld.) Next, a perturbative sheme
is set up as follows. From Eq. (2), it is apparent that the eet of the magneti modu-
lation an be understood as a time variation of the intermode oupling strength: we an
work with the eetive strength geff ≡ gei
A
ωp
cosωpt = g + δg(t), where δg(t) stands for the
modulation-indued inrement. (Note that the time dependene of geff prevents the eetive
one-hannel redution appliable, for a broad FR, to the undriven oupled fermion-boson
model.) Furthermore, from the expansion e
i A
ωp
cosωpt =
∑∞
l=−∞ i
lJl(A/ωp)e
ilωpt
, and taking
into aount the properties of the Bessel funtions, it follows that, for A/ωp ≪ 1, we an
make the approximation δg ≃ i2gJ1(A/ωp) cosωpt, the magnitude of δg being muh smaller
than that of g. (Higher-order terms will be disussed later on.) In turn, the previously
dened mean elds an be expressed as n = n0 + δn, ∆ = ∆0 + δ∆, and φm = φm,0 + δφm,
where n0, ∆0, and φm,0 are the respetive values in the absene of the magneti variation,
and, δn, δ∆, and δφm are the orresponding modulation-indued inrements. To rst order,
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the omplete Hamiltonian an be split as H ′−µN ≃ H0+Hper. The zero-order term, whih
desribes the unmodulated system, is given byH0 =
∑
k,σ Vka
†
k,σak,σ−
∑
k(∆˜0a
†
k,↑a
†
−k,↓+h..)
and orresponds to an eetive BCS model with mode energy Vk ≡ εk− µ+ Vintn0 and gap
∆˜0 ≡ ∆0− gφm,0. The rst-order orretion reads Hper = −δ∆˜(t)
∑
k a
†
k,↑a
†
−k,↓+h.., where
δ∆˜(t) = δ∆−gδφm−δgφm,0 is the inrement of the generalized order parameter ∆˜ ≡ ∆−gφm.
(We have negleted the variation in the atomi density, i.e., we have taken δn ≃ 0, whih
is justied for a broad FR [21℄. The generalization required to deal with a narrow FR is
straightforward.) To omplete the mean-eld desription, we must add the equation for the
evolution of the boson mode, namely, i~
d(φm,0+δφm)
dt
= (ν0−2µ)(φm,0+δφm)+ geff|Vint|(∆0+δ∆),
whih, through the appliation of our perturbative approah and taking into aount that
the equilibrium moleular eld is given by φm,0 =
g∆0
|Vint|(2µ−ν0)
, is onverted into
i~
dδφm
dt
= (ν0 − 2µ)δφm + g|Vint|δ∆+
δg
|Vint|∆0. (3)
Here, the presene of the driving term
δg
|Vint|
∆0 points to the osillation of δφm with frequeny
ωp.
H0 is standardly diagonalized through a Bogoliubov transformation (BT) haraterized
by the fermioni operators ck,↑ = cos θkak,↑ − sin θka†−k,↓ and c†−k,↓ = sin θkak,↑ + cos θka†−k,↓,
where θk is dened by tan(2θk) =
∣∣∣∆˜0∣∣∣ /Vk [18, 20℄. With this BT, H0 is ast into H0 =∑
k
Ek,0(c
†
k,↑ck,↑ + c
†
k,↓ck,↓) + onstant. Importantly, c
†
k,↑ (ck,↑) orresponds to the reation
(annihilation) operator of a quasi-partile exitation with momentum k and spin ↑ from
the BCS state, whih ats as an eetive vauum state. The assoiated exitation energies
are Ek,0 =
√
V 2k + ∆˜
2
0. The exitation gap ∆˜0 ombines the mean eld ∆0, obtained from
the BCS equation ∆0 =
|Vint|
2
∑
k(2fk − 1) sin 2θk, with the equilibrium moleular eld φm,0,
whih results from the equation for the boson mode in the absene of driving. As thermal
equilibrium is assumed for the system before the appliation of the magneti modulation,
the populations of the quasipartile states {fk} are initially given by the Fermi distribution
funtion f eqk,0 = 1/(1 + e
Ek,0/kBT ).
Through the previously dened BT, the perturbation Hamiltonian is onverted into
Hper =
∑
k
δEk(t)
(
c†k,↑ck,↑ + c
†
k,↓ck,↓
)
+
(
Gk(t)c
†
k,↑c
†
−k,↓ + h..
)
, (4)
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where δEk(t) ≡ 12δ∆˜(t) sin 2θk + .., and Gk(t) ≡ −δ∆˜(t) cos2 θk + δ∆˜∗(t) sin2 θk. From
the form of Hper, a rst piture of the dynamial impliations of the eld modulation an
be drawn. The (time-dependent) diagonal terms lead to a time variation of the quasi-
partile energies, whih beome Ek(t) = Ek,0 + δEk(t). The non-diagonal terms represent
modulation-indued interations between the vauum state and a doubly-exited state. Im-
portantly, these oupling terms, whih osillate with the external frequeny ωp, are relevant
only when they an indue an eetive resonane between the BCS state and the two-
exitation onguration, i.e., only when ωp ≥ 2∆˜0, (~ = 1.) Here, in order to isolate the
mehanisms responsible for the delayed response, we onentrate rst on the regime dened
by ωp < 2∆˜0. In this frequeny range, the interation terms an be disarded, and the per-
turbation Hamiltonian an be approximated as Hper =
∑
k δEk(c
†
k,↑ck,↑ + c
†
k,↓ck,↓). Hene,
the quasipartile states of the unmodulated system still provide a diagonal representation
of the driven Hamiltonian. The appearane of heating eets outside this regime will be
disussed later on.
Now we turn to inorporate nite-temperature eets in the above framework. The
modulation drives the system out of equilibrium as the initial populations, i.e., the thermal
values assoiated with the unmodulated energies, do not orrespond to the Fermi distribution
f eqk (t) = 1/(1 + e
Ek(t)/kBT ) for the atual (time-varying) energies. The desription of the
eet of this quasi-partile disequilibrium on the gap dynamis requires a selfonsistent
approah sine the energies and the gap are interdependent. Indeed, as shown by the
expression Ek(t) = E
(0)
k +
(
∆˜0
2Ek,0
δ∆˜(t) + ..
)
, the quasi-partile energies are aeted by the
gap evolution and by the moleular-eld variation; in turn, the {Ek(t)} enter the general
gap equation [18, 20℄,
∆(t) = |Vint|
2
∑
k
[2fk(t)− 1] sin 2θk, (5)
via the (hanging) assoiated populations {fk(t)}. We will see that it is preisely the evolu-
tion of the populations, more speially, their relaxation towards equilibrium, that gives the
keys to understanding the experimental results. An important aspet of this problem an be
understood by now: a nite relaxation time τf of the {fk} is neessary for the appearane of
the gap delay. In fat, for a sudden relaxation, the populations follow adiabatially (on the
relaxation time sale) the equilibrium values {f eqk (t)} assoiated with the time-dependent
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energies. The evolution orresponds then to a sequene of equilibrium states where time
enters as a parameter, the assoiated gap dynamis being trivial: no delay between the
gap evolution and the external eld emerges. Therefore, to reprodue the delayed response,
we must go beyond that adiabati regime. Aordingly, we present a self-ontained deriva-
tion of the dynamis with no onstraints on time sales. The evolution of the populations
is assumed to be governed by the equation [14℄
dfk
dt
= − 1
τf
[fk(t)− f eqk (t)] , (6)
where 1/τf represents the eetive thermalization rate. The relaxation mehanism an be
onjetured to be rooted in ollisions between exited partiles. Here, we do not go into
details of the dependene of τf on the system harateristis; instead, as we fous on general
aspets of the role of the population thermalization in the ondensate relaxation, we onsider
a generi τf . Here, a omment on the stability of the temperature is in order. One must
take into aount that the standard trapping onditions allow assuming the stability of
the temperature for the onsidered small variations of the sattering length. In this sense,
we reall that a grand-anonial desription, whih is routinely applied in this ontext as
it an inorporate the possible exhange of partiles between the ondensate fration and
the thermal loud, implies that a xed temperature an be reasonably assumed. Also,
it is worth stressing that a parallel treatment of the utuations of the ondensate eld
would be neessary to formally omplete our desription. However, it is shown that, in
our perturbative regime, the non-ondensate fration has a seond-order eet on the gap
dynamis. (For a systemati treatment of dierent aspets of the role of utuations, see
Ref. [12℄.)
Eq. (6) is exatly solved to give fk(t) = f
eq
k (t) −
∫ t
−∞
e−(t−t
′)/τf df
eq
k
dt
(t′)dt′. Next, this
expression for the populations is introdued into Eq. (5) to give the following integral-
dierential equation for the order parameter
∆0 + δ∆(t) =
|Vint|
2
∑
k
[
2
(
f eqk (t)−
∫ t
−∞
e−(t−t
′)/τf
df eqk
dt
(t′)dt′
)
− 1
]
sin 2θk. (7)
Here, one must take into aount that f eqk (t) ontains δ∆(t) and δφm, and
dfeq
k
dt
ontains
˙δ∆
and
˙δφm. Hene, we have obtained a desription of the gap evolution, albeit in impliit form.
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Given the omplexity of this piture, the problem of identifying the origin of the deferred
response, redued at this point of the study to that of unovering the onnetion between
the delay time and τf , is still nontrivial. However, it simplies onsiderably in the following
regime, where an expliit haraterization of the gap evolution is feasible. Speially, for
Ek ∼ ∆ ≪ T ≈ Tc, (kB = 1), where Tc is the temperature for the BCS transition, we
an make the approximations f eqk (t) ≃ f eqk,0 + df
eq
k
dEk
δEk(t) and
dfeq
k
dEk
≃ − 1
4Tc
. Then, with the
expression for the unperturbed gap ∆0 =
|Vint|
2
∑
k
[
2f eqk,0 − 1
]
sin 2θk and the approximation
dfeq
k
dt
≃ − 1
4Tc
dEk
dt
= − 1
4Tc
sin 2θk( ˙δ∆− g ˙δφm), Eq. (7) is ast into
δ∆ = − |Vint|
8Tc
∑
k
sin2 2θk
[
(δ∆− gδφm)−
∫ t
−∞
e−(t−t
′)/τf ( ˙δ∆− g ˙δφm)dt′
]
. (8)
Now, following a standard proedure, this integral-dierential equation is onverted into the
dierential equation
dδ∆
dt
= −1− χ
τf
δ∆− χ
τf
gδφm, (9)
where χ ≡ |Vint|
2pi2
1
4Tc
∫ K
0
sin2 2θkk
2dk enapsulates the overall eet of the quasi-partile states
on the gap response. (K is the upper limit of the momentum summation required by the
standard renormalization proedure.) In the onsidered regime, χ ≃ kF |a|
2
∆0
Tc
≪ 1 [22℄, where
kF is the Fermi wave number and a is the bakground sattering length. Eq. (9) along with
Eq. (3) for the moleular eld onstitute a losed set of equations for the system evolution.
From them, it is apparent that δ∆ is determined by the ombination of eetive driving,
oming from the term
χ
τf
gδφm, and damping with rate
1−χ
τf
. As the driving is ontinuously
taking the system out of equilibrium, the relaxation mehanism is permanently ativated.
The ombined eet of both mehanisms an be expeted to produe a nondiret following
to the external eld. Approximate analytial solutions onrm these preditions: the gap
evolution is given by
∆(t)
∆0
= 1 −C [e−t/τR sinϕ+ sin(ωpt− ϕ)] , (10)
where C = 2χ g
2
|Vint|
J1(A/ωp)
ωp
√
1+(ωpτf )2
(> 0) determines the amplitude of the indued osillations,
ϕ = arctan(ωpτf ) is a phase shift with respet to the applied magneti eld, and τR =
τf
1−χ
appears as the ondensate relaxation time. (The meaning of τR beomes evident in a
simplied senario: for the system with no external driving, a sudden perturbation of the
gap is shown to relax to equilibrium with harateristi time τR.) In the onsidered regime,
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namely, near the ritial temperature and for a perturbative gap variation, it is found that
τR ≃ τf . The orrespondene of these results with the experimental ndings is summarized
in the following points.
(i) The system response ontains a transitory deay with harateristi time τR, and,
as observed in the experiments, a seular osillatory behavior with ωp. The amplitude,
whih ombines in a nontrivial way parameters of the external eld and harateristis of
the unperturbed system, reets the omplex harater of the driving mehanism. The
following to the external eld is not instantaneous: there is a delay time assoiated with the
phase shift ϕ and given by τD =
ϕ
ωp
= τR [1 +O ((ωpτR)2)]. Hene, as onjetured in Ref.
[13℄, τD approximately orresponds to the ondensate relaxation time. The delay presents
no hanges at dierent yles of the external eld. Furthermore, the small magnitude of the
orretion O ((ωpτR)2) for the onditions of the experiments explains the deteted invariane
of the delay sale with the modulation frequeny. As reeted by the minus sign before C,
there is an extra phase shift pi between the gap osillation and the driving eld. This
orresponds exatly to the results presented in Figs. 2 and 4 in Ref. [13℄, where an inversion
of the magneti-eld axis was introdued to failitate the observation of the delay.
(ii) The onnetion between the dierent time sales is unovered. Sine τR gives the
time for the ondensate to reah the thermal equilibrium, it is diretly related to the ther-
malization rate of the populations. Notie that τR an signiantly dier from τf outside
the onsidered regime with χ ≪ 1. This an be understood taking into aount the intri-
ate interdependene of the gap and the populations, whih implies, in general, a omplex
nonlinear ontribution of the populations to the gap relaxation [14℄.
(iii) The mehanism responsible for the deferred response is rooted in the nite reation
time of the gas to a variation in the quasipartile energies. [Note that the adiabati limit
orresponding to a sudden relaxation, i.e., to τf → 0, is onsistently reovered in Eq. (10).℄
Moreover, as onjetured in a preliminary analysis, the observed delay is a temperature
eet. At zero temperature, there is no initial population of the exited states; furthermore,
as the modulation in the assumed regime does not indue a transfer from the fundamental
state, the exited states are never populated. Hene, at T = 0, there is no population
relaxation, and, onsequently, no delay in the gap evolution [23℄.
(iv) It is worth disussing the eets that an be expeted outside the onsidered regime
of nonexiting frequenies (ωp < 2∆˜0) and perturbative amplitudes. First, for ωp ≥ 2∆˜0, the
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magneti eld an indue an eetive resonane between the vauum state and a doubly-
exited state. As a onsequene, the interation between those states, represented by the
non-diagonal terms in Eq. (4), beomes important, and signiant heating an result. (See
Refs. [24℄ and [25℄ for related work.) Seond, as the amplitude is inreased, the ontribution
of the terms of order higher than one in the expansion of the exponential in Eq. (2) grows.
Given that the frequeny of eah term is a multiple of ωp, a resonane between the ground
state and the exitations an eventually be reahed for inreasing order, whih, again, an
lead to an irreversible loss of population.
At this point some aspets of our approah must be realled. Importantly, a perturbative
regime has been onsidered: the system, whih is initially in the BCS side, is assumed to be
inside that regime during the whole modulation proess. Hene, the unitary limit of large
sattering length is never reahed and neither is attained the BEC side. Our approah,
diretly set up from the fundamental theory, has some similarities with former studies in
superondutivity where the eet of a population disequilibrium on the gap dynamis was
takled by introduing an operative hanging temperature in the stati Ginzburg-Landau
(GL) equation [14, 15℄. The eetive time-dependent GL equation thus obtained was shown
to satisfatorily explain the relaxation proess. That desription, as ours, is basially built
from the inorporation of formal solutions for the evolving populations into the gap equation.
In the uniform ase and in the perturbative regime for the gap variation, the analogy with
our self-ontained approah is omplete. Inidentally, we stress that the suess of our
uniform desription in reproduing the experimental results, whih, in fat, were obtained
for a harmoni onnement, reets the robustness of the identied physial mehanisms
against spatial non-uniformities. The generalization through a loal-density approximation
is straightforward.
In summary, we have presented an analytial explanation for the delayed response of a
Fermi ondensate to a modulation of the interation strength. Although a more quantitative
omparison with the experiments of Ref. [13℄ requires additional information on the temper-
ature and the amplitude of the applied eld, the study unovers fundamental aspets of the
out-of-equilibrium dynamis of the ondensate, in partiular, the nontrivial role of the relax-
ation in a time regime of experimental and theoretial interest. Our analysis an have diret
pratial impliations. One of the main motivations for the experiments was the validation
of the detetion shemes based on a projetion of the Fermion pair ondensate into a mole-
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ular ondensate. Those shemes are appliable only if the response time of the ondensate
to variations in the interation strength is muh larger than the sweep time. The relevane
of the nonzero-temperature harater of the delay to the projetion tehniques is lear: an
out-of-equilibrium situation and the subsequent relaxation proess of the ondensate an be
indued not only by hanging the temperature but also by manipulating the system with
external elds. Our piture provides the theoretial basis for the design of methods for
measuring the dierent time sales, and, onsequently, for dening the appropriate ranges
for the projetion. Furthermore, the identiation of the dominant mehanisms opens the
way to develop variations of the basi arrangement as probing tools for dierent aspets of
the dynamis. Given the generality of the applied model, the appliability of the study in
parallel ontexts an be expeted.
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